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Abstract 
Let M (m, n) be the minimum number of comparators needed in an (m, n)-merging network. 
Batcher’s odd-even merge provides upper bounds, whereas the best general ower bounds were 
established by Yao and Yao (1976) and Miltersen et al. (to appear). In this paper, we concentrate 
on small fixed m and arbitrary n. M (1, n) = n has long been known. In their 1976 paper, Yao 
and Yao showed M(2, n) = [3n/21 and asked for the exact value of M(3, n). We prove 
M (3, n) = r (7n + 3)/4 1 for all n. Furthermore, M (4, n) > y-n, M (5, n) > 2n are shown, improv- 
ing previous bounds. Some related questions are discussed. 
1. Introduction 
An (m, n)-merging network is a sorting network in which the input consists of two 
sorted sets {xi < a.. < x,} and {yr c ... c y,}, and the output is the sorted list 
{ zr < z2 < .+’ < z,+,). Th e components of the network are comparators i :j, i < j, 
which put min(ai,Uj) into position i and max(ai,aj) into position j of the current 
content u = (ai, . . ..am+” )’ (see [4, p. 2203). Let us denote by M(m, n) the minimum 
number of comparators necessary in the worst case. Batcher’s well-known odd-even 
merge [l; 4, p. 2251 provides an upper bound by the recursive inequality 
Mb,4 < WrmPl, b/21) + M(LnPJ, LGJ) + LmPJ + b/21 9 (1) 
where the right-hand side is lowered by 1 if both m and n are even. Asymptotically, this 
gives 
M(m, n) d $(m + n) log2 (m + 1) + O(n) (m G n). 
Floyd [3] proved the following recursive inequality for lower bounds: 
M(m,n) 2 M(mI,nI) + M(m2,n2) + max(min(m1,n2),min(m2,nI)) 
(2) 
form=ml+m2,n=n,+nz, (3) 
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which for m = n yields 
M(n, n) > fn log, n + O(n). 
For general m and n, Yao and Yao [6] showed 
(4) 
log2(m +1) 
M(m,n) > 2 n (m < n), (5) 
and, quite recently, Miltersen et al. [S] improved this last result to 
M(m, n) > $(m + n) log,(m + 1) - O(m), (6) 
which asymptotically matches Batcher’s upper bound (2). 
In this paper we address the question of obtaining better lower bounds for M(m, n) 
for small fixed m and arbitrary n. Note that for fixed m, (6) is not a real improvement 
over (5). It has long been known that M(l,n) = n, Yao and Yao proved 
M(2, n) = r 3n/2 1 for all n in their paper [6]. In that same paper they raised the 
question as to the exact value of M(3, n). Our main result gives the precise answer 
7n + 3 
M(3,n) = 4 1 1 . 
Furthermore, we derive the bounds M(4,n) > $%r + 1, M(5,n) > 2n + 1, and make 
some comments on other values M(m, n) for small m and n. Note that (1) and (5) yield 
)(log, 5)n 6 M(4,n) 6 2n + 2 and f(log, 6)n < M(5, n) < y-n + C. 
2. Preliminary results 
As usual, we picture our network as m + n horizontal lines numbered from top to 
bottom, where the inputs of the first m and last n lines are sorted, with the smallest 
element appearing on top of the lists. The output of the merging network is sorted in 
ascending order from top to bottom. 
Denote by n the. vector n = (1,2, . . . , r~)~, and by bi the vector bi = 
(-(m-l-i) ,..., -l,O,n+l,..., n+i)T,i=l ,..., m,with&=(n+l,..., n+m)T. 
Finally, let Iii be the vector ai = (hi/n), i = 1, . . . . m. As an example, for m = 3, we 
obtain 
-1 
0 
n+l 
1 
n I9 a2 = 
0 
n+l 
n+2 
1 
n 
3 a3 = 
n+l 
n+2 
n-t-3 
1 
n 
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Lemma 1. Zf an (m, n)-merging network sorts ul, . . . , a,,,, then it sorts any m-lists and 
n-lists. 
Proof. By the 0, l-principle (see [4, p.2241) we have to show that if an (m, n)-merging 
network sorts (I 1, . . . , u, then it sorts any m-lists and n-lists consisting of O’s and 1’s. 
The sorted 0, l-lists of length m are co, cl, . . . , c, with 
where co is of no relevance since in this case the lines are already sorted. Suppose, on 
the contrary, that x = (ci/d) is not properly sorted with y, = 1, yk+ 1 = 0 in the output 
y. Let h be the largest index in d with dh = 0 (where we set h = 0 if all dj = 1). We define 
f: x + Ui coordinatewise. Since f is monotone on the xis, the input f(x) = ai is 
carried into f(u) which is sorted by assumption. However, from y, = 1 we infer 
f(yk) > h + 1 and from yk+ i = 0 we have f(yk+ i) < h, in contradiction to 
fbk) <f(Yk+ 1). q 
We will make use of another well-known result ([4, p. 239, Ex. 211). 
Lemma 2. Let x be an (m, n)-merging network. If two inputs a, a’ satisfy a < a’ (i.e. 
ai < a; for all i), then at any stage 1 of rc we have a(‘) < a’@). In particular, na < na’ 
holds for the respective outputs. 
Notice that our vectors Ui satisfy (I~ < a2 < ... < a,,,. 
3. The case M(l, n) 
Let us analyze (1, n)-networks since our later proofs hinge on this case. Lemma 1 
tells us that we may confine our attention to the single input a = (n + 1, 1, . . . , n)‘. We 
can clearly sort (I with n comparisons by moving n + 1 down step by step. Let us 
analyze an arbitrary network sorting a. We claim that the content a,, . . . , a, + 1 at 
a certain stage can be described as follows. The lines are uniquely divided into groups 
F1 1 FZIe.-I F, from top to bottom such that 
(i) iEFk, jEF,, k < 1 G- ai < aj. 
(ii) if Fk = (fk,fk + l,...,fk+r -l}, then alk+l < ... < as,+l_l < afk. 
In other words, within each group the top element is the largest, with the others 
appearing in their natural order. 
To see this, note that at the start we have a single group F1 = {n + 1, 1, . .., n} 
satisfying (ii). Now assume that we compare at a certain stage lines i and j, i < j. If 
i and j are in different groups, then nothing changes by (i). If i and j are in group 
F,Withfk< i<j<fk+l - 1, then again nothing happens by (ii). If finally i and j are in 
F,withi=f,<j<f,+, - 1, then the contents of lines i and j are interchanged, and 
FksplitsintotwogroupsFh={j,fk+l ,..., j-l},FL={i,j+ l,..., fk+i -l}.With 
F b and FL replacing Fk, we see that (i) and (ii) are again satisfied. 
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We conclude that any comparison raises the number of groups by at most 1. Since 
wehaven+lgroups{1},{2},..., {n + l} at the end, we infer that n comparisons are 
needed to sort a. Thus M(1, n) = n. 
Note that we have proved that in any algorithm sorting (I there are precisely 
n comparisons which change the current content. Let us call them essential compari- 
sons. Note also that after the first essential comparison i : j, i < j, involving line j, the 
content of line j moves to the top of that group and stays at the top of its respective 
group thereafter. Hence, after an essential comparison i: j, i < j, the content of line 
j can only be changed by comparisons j : k, j < k. 
4. Proof of ~(3, n) = r (7n + 3)/4 1 
Using (1) and the result M (2, n) = r 3n/2 1, t i is readily established that Batcher’s 
odd-even merge for (3, n)-networks uses r(7n + 3)/4 1 comparisons. To verify 
M(3, n) 2 r (7n + 3)/4 1 we appeal to Lemma 1. We have to sort a = 
(-l,O,n + l,l,..., n)T,b=(O,n+ l,n+2,1,..., n)T, c = (n + 1, n + 2, n + 3, 1,. .., n)T, 
where II < b < c. Let us number the lines - 2, - l,O, 1, . . . . n from top to bottom. 
Suppose an optimal network 71 needs 1 comparisons. Let (ae2, a_ 1, ao, . . . . a,), 
(b- z,...,b,), (c-z, . . . . c,) be the contents of a, b, c after the hth comparison. From the 
input u, 6, c at the outset and Lemma 2 it is clear that 
cj > bj > aj > j for j = 1, . . ..n. (7) 
We set 
d,=I{i:ai #bi}l + I{ i:ai#ci}I+I(i:bi#~i}I. (8) 
Thus, at the outset do = 9, and at the end dl = 3n + 9, hence dl - do = 3n. Since the 
top two entries of a will never be moved, the action of rt on a will be that of the 
previous case M(1, n). We know these are precisely n essential comparisons which 
change the content of a; let us call them inner comparisons of IL, with the others being 
called outer comparisons. 
Suppose the (h + 1)st comparison is i : j, i < j. It is readily seen that d,,+ 1 - d,, < 2. 
An inner comparison which raises d,, is called a red comparison; let r be the number of 
red comparisons. Let us analyze a red comparison i : j, i c j. Since it is an essential 
comparison for u we must have ai > aj, and thus j > 1. If aj = bj = cj, then by 
Lemma 2, Ci 2 bi 2 ai > aj = bj = cj implying d h+ 1 = d,,. Thus, for a red comparison 
we must have aj < Cj. Now, by the remark at the end of the last section, line j was not 
involved in an inner comparison before. Since the initial content of line j > 1 is ( j, j, j ), 
it must have been part of a previous outer comparison. Note that the first comparison 
changing the content (j, j, j ) is of the form i’ : j, i’ < j by (7). 
Hence, we conclude that there are at least r outer comparisons, i.e. I- n 2 r. We are 
going to show that, in fact, 1 - n > r + 1. To see this, consider the first comparison 
- 1: j, involving line - 1, with the contents (0, n + 1, n + 2). This is at any rate an 
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outer comparison, and it is an additional outer comparison unless j 2 1, and - 1: j is 
also the first comparison involving line j. After the comparison, the content of line - 1 
is (0, j, j). Hence, there must be another, again outer comparison - 1: k, in order to 
“break” j : j. Suppose the content of line k is (u, v, w). In order to break j, j we must 
have v c j c w, in particular u < w, which means that - 1: k is an additional outer 
comparison not yet accounted for. 
From dl - do = 3n and d,,+ 1 < d,, + 1, we infer 2(1- n + r) > 3n, and hence by 
I-n>r+l, 
3n $ 2(1- n + r) < 2(1- n) + 2(1- n - 1) = 41- 4n - 2, 
thus 
[,7n+2 
‘4’ 
For n f2(mod4), we have r(7n + 2)/41 = r(7n + 3)/4 1, so for n f2(mod4), our 
theorem is proved. In the case n E 2(mod 4) we only have r (7n + 2)/4 1 
=[(7n + 3)/41 - 1. A more detailed analysis (considering the first comparison 
involving line - 2) shows that in this case one more comparison is indeed necessary, 
thereby completing the proof of the theorem. 
5. The cases M(4, n) and M(5, n) 
Using the result M(2, n) = r 3n/2 1 and (l), one computes that Batcher’s odd-even 
merge uses 2n + 1 comparisons for n = 0 (mod 4) and 2n + 2 for n $0 (mod 4). 
By Lemma 1, we must sort the vectors a = (-2, - l,O, n + 1, 1, . . . , n)T, b = 
(-l,O,n+ l,n+2,1..., n)T, c=(O,n+ l,n+2,n+3,1,.,., n)T, d=(n+ l,n+2, 
n+3,n+4,1,..., n)T with II < b < c < d. All the notions of inner, outer and red 
comparison carry over, since the action on a is that of the M (1, n)-case. Hence, we 
infer again 1 - n 2 r, and in fact, l- n > r + 2. The proof of the M(3, n)-case was 
based on the fact that dt - do = 3n, d h+l < dh + 2. So we must find a weighting w of 
the content (a, b, C, d) of a line analogous to (8), with dt, = Ciw(at, bi, Ci, dt). 
There are four possibilities according to the number of equality signs between 
a, b, c, d. Let us choose weights 0 = a0 < a1 < az < a3 as follows: 
O=ao: a=b=c=d, az: a=b<ccd, 
al: a=b=ccd, a<b=c<d, 
a=bcc=d, acb<c=d, 
a<b=c=d. a3: a<bcc<d. 
Thus at the outset d,, = 4a3 and at the end dt = (4 + n)a3, hence dt - do = a3n. Any 
x > 0 satisfying d,, + 1 - d,, < xa3 for all h will then provide a lower bound for 1 by the 
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same argument as in the M(3, n)-case. Indeed, from r < 1 - n - 2 we infer 
a3n < xX3(1 - n + r) < 2xa3(l - n -l), 
and thus 
Ia l+& n+l. 
( > 
To obtain the best bound in (9) we must find the smallest x > 0 satisfying 
d,, 1 - d,, < xa3. Analyzing the possible changes d,, + d,,+ I it is readily seen that 
under the assumption 0 = ~1~ < a1 < a2 < a3, the largest possible increases d,,+ 1 - d,, 
are 2a2 - a3, al, 2a3 - CQ - a2, 2a2 - 2ai. Solving the inequalities 2a2 - 01~ 6 XCL~, 
ai Q xa3, 2a3 - c~i - a2 < xa3, 2a2 - 2ui < xa3 yields as minimal value x = $ with 
a realization a0 = 0, a1 = 3, a2 = 4, c(~ = 5. Hence, we conclude from (9) that 
M(4, n) 3 an + 1. 
Let us now look at M(5, n). Here we must choose the weighting a little more carefully. 
We choose weights 0 = a0 < al < a2 < a; < ct3 < a> c a4 as follows: 
0 = ao: a=b=c=d=e, a;: a=b<c=d<e, 
a=b<c<d=e, 
aI: a=b=c=d<e, a<b=c=d<e, 
a=b=c<d=e, a<b=c<d=e, 
a=b<c=d=e, 
a<b=c=d=e, c(3: a=b<c<d<e, 
a<b<c<d=e, 
a2: a=b=c<d<e, 
a<b<c=d=e, a;: a<b=c<d<e, 
a<b<c=d<e, 
ah: a<b<c<d<e. 
One now finds that the largest possible increases of d,,+ 1 - d,, are 
Ml? 2a; - a1 - a;, 
cl,+a;-aa;, a3+a4-al--c& 
a2 + a3 - a4, a;+a4-2a2, 
2a; - 2al, 2a; - 2a,, 
a;+a;-aa,--2, a;+a,-a2-u3, 
a2 + a4 - a1 - a3, 2a4 - 2~;. 
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Solving the 12 inequalities al < xa4,. .., 2a4 - 2~; < xa4 yields as minimal value 
x = i with a realization a0 = 0, al = 8, a2 = 10, E; = 12, M3 = 13, a; = 14, c14 = 16. 
Hence, we obtain as in (9) 
M(5,n) > 2n + 1. 
6. Some exact values and open questions 
The main theorem can be used to derive some exact results for M(n, n) for small n. 
The upper bounds follow from Batcher’s merge (l), the lower bounds from Floyd’s [3] 
result. 
Corollary. We have M(2,2) = 3, M(3,3) = 6, M(4,4) = 9, M(5,5) = 13, M(7,7) = 
21, M(8,8) = 25, M(9,9) = 30. 
As an example, consider M(9,9). By (3) and our theorem, M(9,9) 2 M(3,6) + 
M(6,3) + 6 = 12 + 12 + 6 = 30. For M(6,6), odd-even merge yields M(6,6) < 17, 
but the best we can do applying (3) is M(6,6) 2 M(2,4) + M(4,2) + 4 = 16. 
Batcher’s odd-even merge is thus optimal for M(m, n), m < 3 and all n, and for 
some M(n,n), and it seems plausible that it is indeed always optimal. 
Problem 1. Is Batcher’s odd-even merge optimal for all m and n? 
The available data suggest several recursive inequalities for the numbers A4(m, n). 
For example, it is immediately clear that M(m, n) 2 M(m - 1, n) + 1. 
Problem 2. Is M(m, n) > M(m - 1, n) + 2 for all m < n? 
Since M(3,6) = 12, this would e.g. imply M(4,6) = 14, A4(5,6) = 16 and 
A4(6,6) = 17. Table 1 gives the best lower and upper bounds for M(m, n) with 
m, n < 9. 
Table 1 
m n 
2 3 4 5 6 7 8 9 
2 3 5 6 8 9 11 12 14 
3 6 8 10 12 13 15 17 
4 9 11/12 13/14 14116 16/17 18/20 
5 13 14/16 16/18 18120 20122 
6 16/17 18/20 20122 21125 
7 21 23 124 24/27 
8 25 27/29 
9 30 
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